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1. Introduction and motivation
If G is an Abelian topological group, a character of G is a continuous group homomor-
phism from G into the unit circle T, the latter equipped with the topology inherited from
the usual complex plane. Thus Ĝ, the character group of G, is defined by
Ĝ := {h :G→ T | h is a character},
with group operation defined pointwise:
(h1h2)(x) := h1(x)h2(x) ∀x ∈G.
If we put on Ĝ the compact-open topology [c-o], i.e., the topology whose basic open
sets are of the form
(K,O) := {h ∈ Ĝ: h[K] ⊂O},
where K ⊂G is compact, and O ⊂ T is open, then X := Ĝ[c-o] turns out to be an Abelian
topological group.
We say that G satisfies group duality if the map
Ω :G→ X̂[c-o]
defined by
Ω(g)(h) := h(g) ∀g ∈G
is a topological isomorphism. The celebrated theorem of Pontryagin–van Kampen states
that every locally compact Abelian group satisfies group duality. If G satisfies group
duality, we say that G is reflective, and we denote this situation by writing G ∈ D. The
class just defined contains also non locally compact groups since it is closed under arbitrary
products, as proved by Kaplan [19].
A topological vector space (TVS) equipped with the sum as operation is a priori an
Abelian topological group. As such, it is natural to ask if it is reflective. The first attempt
in doing so was done by Smith [29] who proved that real Banach spaces and real reflexive
locally convex spaces (LCSs) are both reflective.
Some other authors have made contributions to the Smith’s program, sometimes
considering a different topology on the character groups (e.g., Akbarov [1], Brauner [7]
and Köthe [22, §23 9]), some others giving only sufficient conditions for an LCS to
be reflective (e.g., Brudovskiı˘ [8] and Waterhouse [30]). The problem of finding also
necessary conditions was overtaken by Kye [23] who offered a full characterization of
those real reflective LCSs. However his argument is mistaken. Those parts that can be
rescued from [23] are enough to still prove that real Fréchet spaces are also reflective,
a result due to Waterhouse [30] (although the 1966 German version of [22] states this
without any proof). In Remarks 4 and 6 we touch upon those articles mentioned in this
paragraph.
Our goal in this article is three-fold: To offer a correct characterization of real reflective
LCSs, to use it to give a different proof that real Fréchet spaces are reflective, and to offer
a series of examples to place our result in the current state of affairs. We do this as follows:
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Section 2 deals with notation and the initial setting. Our characterization of reflective LCSs
is the subject of Section 3, whereas a relevant condition to this characterization is studied
in Section 4. In Section 5 we reproved Smith’s results quoted lines above together with
the fact that Fréchet spaces are also reflective. Finally in Section 6 we offer a series of
examples, some of them touching upon Kye’s paper, trying to test the boundaries of our
results.
2. Notation and preliminaries
The symbols R and T will stand for the reals and the unit circle, respectively, each
equipped with its usual topology. E denotes a linear space over R, and t denotes a
Hausdorff topology on E such that E[t] is a topological vector space. We specialize to the
case when E[t] is locally convex.E′ denotes the (real) vector space of all continuous linear
functions from E[t] to R, i.e., the functionals of E[t]; E′ is also known as the topological
dual of E[t]. If A⊆E, the polar of A in E′, denoted by A◦, is defined by
A◦ := {f ∈E′: ∣∣f (a)∣∣ 1 ∀a ∈A}.
If A⊆ E′, then the polar A◦ of A in E, is defined in an obvious similar way. The symbol
σ denotes the weak topologies on E and E′; that is: On E σ denotes the weakest topology
that makes the elements of E′ continuous, and on E′ it denotes the topology of pointwise
convergence (also known as the weak-∗topology), also characterized as the (necessarily
locally convex) topology whose zero neighborhoods are the polars of the finite subsets
of E. A⊂E[t] is said to be weakly compact if it is a compact subset of E[σ ].
The symbol τc denotes the (locally convex) topology on E′ with zero neighborhoods
given by the polars of the t-compact subsets of E (note that σ ⊆ τc). Finally, the Mackey
topologyµ is defined as the (locally convex) topology onE′ with zero neighborhoods given
by the polars of the weakly compact, balanced and convex subsets ofE. The Mackey–Arens
Theorem assures us that (E′[σ ])′ =E = (E′[µ])′ [17, 3, §5, Proposition 6].
Notice that if f ∈E′, then hf :E[t]→ T, defined by
hf (x) := e2π if (x) ∀x ∈E,
defines an element in Ê. That the map f → hf from E′ into Ê is an algebraic group
isomorphism was noticed independently by Hewitt and Zuckerman [15, Theorem 6] and
Smith [29, Lemma 1]. Eventually Waterhouse [30, Theorem 2] generalized this result. For
our particular purposes the following special case will be enough:
Proposition 1. The map f → hf from E′ into Ê is a topological group isomorphism from
E′[τc] onto Ê[c-o].
Proof. Follows from loc. cit. ✷
See also [10, Korollar 1] or [4, 2.3].
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Restricting ourselves to the case whenE[t] is locally convex, we assure thatE′ separates
the points of E in the sense that the weakest topology on E that makes the elements of E′
continuous is Hausdorff [17, 3, §1, Proposition 2]. This in turn shows that Ê also separates
the points of E, meaning that the weakest topology on E that makes the elements of Ê
continuous is Hausdorff as well. This topology, denoted by +, is called the Bohr topology
of E, and E+ denotes E equipped with +. Being a totally bounded group, E+ is no longer
a TVS. Moreover σ ⊃+, yet they share the same compact subspaces [27, 1.2], i.e., E[σ ]
is said to respect compactness.
The following is our point of departure:
Corollary 1. An LCS E[t] is reflective if and only if:
(D1) (E′[τc])′ =E, and
(D2) a basis of t-neighborhoods of 0 is given by the polars of all τc-compact subsets
of E′.
Remark 1. Returning to the original map
Ω :G→ X̂[c-o]
in the case when G = E[t] is an LCS, we must point out that Ω is always open onto its
image [4, 14.3], and injective [29, Lemma 1]. Although we do not use these facts, it could
be said that our work, thus, reduces to search when Ω is onto (D1) and continuous (D2).
Our choice for the adjective reflective is clearly borrowed from the term reflexive used
in the theory of TVS. In a similar fashion, we call a LCS satisfying (D1) semi-reflective.
3. Characterization of LCS ⊂D
We start with a definition due to Kye [23].
Definition 1. We will say that the lctvs E[t] satisfies Property L2 if the balanced, convex
and closed hull (bcch) of any t-compact subset of E is weakly compact.
By [22, 20.6.2 and 18.4.4(b)], E[t] satisfies L2 if and only if bcch(K) is t-compact
whenever K is a t-compact subset of E. Thus Property L2 is what in [9, §5.3] is called
property ccp [loc. cit.] (5.3.3).
As usually, a TVS is said to be quasi-complete if every bounded closed subset is
complete. The following result generalizes Kelley et al. [20, 13.4], and it is mentioned
in passing in [17, p. 235].
Lemma 1. If E[t] is quasi-complete, then the balanced, convex and closed hull of any
t-precompact subset of E is t-compact.
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Proof. Assume that A is a t-precompact subspace of E. Then B := bcch(A) is
t-precompact ([17, 3, §9, Proposition 7], or [22, 20.6.2]). Since E[t] is quasi-complete,
B turns out to be t-complete, hence t-compact. ✷
Lemma 2. If E[t] is quasi-complete, then it satisfies Property L2.
Proof. Follows from Lemma 1 since t is always stronger than the weak topology
on E. ✷
This result generalizes [9, 5.3.3].
Remark 2. Since the notions of semi-reflexivity [17, 3, §8, Definition 2] and weakly quasi-
completeness coincide for an LCS [17, 3, §8, Proposition 2], and since the latter implies
quasi-completeness [6, IV, Remark 2, p. 5] (see also [9, 4.0.1]), we obtain in particular that
every semi-reflexive space satisfies Property L2.
Lemma 3. L2⇒ σ ⊆ τc ⊆ µ.
Proof. The first contention is evident; the second follows from the fact that A ⊂ E ⇒
(bcch(A))◦ =A◦ [17, 3, §3, Proposition 1(b)]. ✷
The following is [4, 15.1]. We believe our proof is simpler.
Lemma 4. (D1) if and only if L2.
Proof. (⇐) An application of Lemma 3 and the Mackey–Arens Theorem yield
E = (E′[σ ])′ ⊆ (E′[τc])′ ⊆ (E′[µ])′ =E.
(⇒) Let A ⊂ E be t-compact and set B := bcch(A). Then B◦ = A◦ ⊂ E′ is a
τc-neighborhood of 0, hence, by the Alaoglu–Bourbaki’s Theorem [17, 3, §4, Theorem 1]
B = (B◦)◦ ⊂ (E′[τc])′ =E is weakly compact. ✷
Thus Lemma 4 and Remark 2 imply that semi-reflexive spaces are semi-reflective.
Compare with the result of Smith quoted in Section 1. Since a Banach space is reflexive
if and only if it is semi-reflexive, Smith’s result shows that the converse does not hold by
considering any non-reflexive Banach space. See also Example 7 infra.
Lemma 4 is contained in [9, 5.3.3].
Remark 3. A⊂E′ is equicontinuous in E[t] if and only if there exists a neighborhood V
of 0 in E[t] such that A⊂ V ◦ [17, 3, §4, Proposition 6]; since [25, Lemma 2.2] implies
that every such V ◦ is τc-compact, we obtain that every t-equicontinuous subset of E′ is τc
relatively compact (see also [22, §21, 6(3)]). The following definition requests precisely
the converse.
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Definition 2. We will say that E[t] satisfies Ascoli if any τc-compact subset of E′ is
equicontinuous.
The importance of this condition has been known for quite sometime; see Michael [24].
The following has been proved in greater generality in [3, 5.10] and [9, 3.1.9].
Lemma 5. (D2) if and only if Ascoli.
Proof. (⇒) Let S ⊂ E′ be τc-compact. By (D2) S◦ ⊂ E is a t-neighborhood of 0, hence
by [17, 3, §4, Proposition 6] (S◦)◦ ⊂ E′ is equicontinuous. Since S ⊂ (S◦)◦, S is also
equicontinuous.
(⇐) By Ascoli any τc-compact subset of E′ is t-equicontinuous; hence, its polar in E
is a t-neighborhood of 0 [17, 3, §4, Proposition 6]. ✷
Corollary 1 together with Lemmas 4 and 5 now implies:
Theorem 1. E[t] ∈D if and only if it satisfies L2 and Ascoli.
4. Property L1
Recall that in a locally convex space any absorbing, balanced, convex and closed subset
is said to be a barrel (cf. [17, 3, §5, Definition 2]).
Definition 3. We say that W ⊂ E is a kσ -neighborhood of 0 if for any t-compact subset
K ⊂E containing 0, there exists a σ -neighborhoodU of 0 such that U ∩K ⊂W ∩K . tkσ
will denote the topology on E whose zero neighborhoods are the t-barrels which are also
kσ -neighborhoods of zero.
In other words tkσ is the maximal locally convex polar topology such that E[tkσ ] and
E[t] have the same compact subsets. For, t ⊆ tkσ , and tkσ lies between t and its k-group
extension kg(t) [25, Proposition 1]. See also Example 4 infra.
Kye [23] introduces (an equivalent statement of) the following:
Definition 4. We say that E[t] satisfies Property L1 if any t-barrel that is a kσ -neigh-
borhood of zero is also a t-neighborhood of zero; that is, if t = tkσ .
Lemma 6. Let W ⊂ E be a barrel. Then W is a kσ -neighborhood of zero ↔W ◦ ⊂ E′ is
τc-precompact.
Proof. (⇒) We give two proofs of this implication.
Let W ⊂E be a kσ -neighborhood of zero and let K ⊂E be t-compact with 0 ∈K . Take
K1 = 2K . Then there exists a finite subset F ⊂E′ such that F ◦ ∩K1 ⊂W ∩K1. Moreover,
K◦1 ⊂ E′ is a τc-neighborhood of zero in E′. Since F ◦ is a t-neighborhood of zero in E,
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(F ◦)◦ ⊂ E′ is τc-compact (Remark 3), that is, there exists {y1, . . . , yn} ⊂ (F ◦)◦ such that
(F ◦)◦ ⊂⋃nj=1(yj +K◦1).
From F ◦ ∩K1 ⊂W we get, by taking polars (see [17, p. 248])
W ◦ ⊂ (F ◦ ∩K1)◦ = (((F ◦)◦ ∪K◦1
)◦)◦ ⊂ (F ◦)◦ +K◦1 ⊂
n⋃
j=1
(
yj +K◦1
)+K◦1.
Hence
W ◦ ⊂
n⋃
j=1
(
yj + 12K◦
)+ 12K◦ ⊂
n⋃
j=1
(
yj +K◦
)
.
This proves that W ◦ is τc-precompact.
In the second proof notice that since W is absorbent, the set {f (x): f ∈W ◦} is relatively
compact for any x ∈ E. Thus by Bourbaki’s version of Ascoli’s Theorem [6, X, §2.5,
Theorem 2], it is enough to show that the restriction of W ◦ to any compact subset K of
E[t] is equicontinuous. Let x ∈ K and ε > 0 be given. Then 0 ∈ K − x is t-compact,
hence A := (K − x) ∩ εW is a neighborhood of 0 in K − x . Thus, if f ∈ W◦, then
f [A] ⊆ f [εW ] ⊆ [−ε, ε]. Moreover, A + x is a neighborhood of x in K , and clearly
f [A+ x] ⊆ f [εW + x] ⊆ [f (x)− ε,f (x)+ ε]. This shows that the restriction of W ◦ to
K is equicontinuous.
(⇐) Set A :=W ◦ ⊂ E′. By hypothesis A is τc-precompact. Let us prove that A◦ ⊂E is
a kσ -neighborhood of zero in E.
Let K ⊂ E be t-compact containing 0 and set K1 = 2K . Then K◦1 ⊂ E′ is a τc-neigh-
borhood of zero, therefore there exists G = {y1, . . . , ym} ⊂ A such that A ⊂⋃mj=1(yj +
K◦1). Set F := 2G; thus F ◦ = 12G◦.
Claim: F ◦ ∩K ⊂W ∩K .
Let x ∈ F ◦ ∩K and setting x ′ := 2x we get x ′ ∈G◦. If y ∈A, then y = yj + z for suitable
yj ∈G and z ∈K◦1, that is, z= 12w for some w ∈K◦. Hence:∣∣y(x)∣∣ = ∣∣(yj + z)(x)∣∣ ∣∣yj ( 12x ′
)∣∣+ ∣∣ 12w(x)
∣∣
= 12
(∣∣yj (x ′)∣∣+ ∣∣w(x)∣∣) 12 (1+ 1)= 1,
thus x ∈A◦∩K which proves the claim. This proves thatW =A◦ is a kσ -neighborhood. ✷
Lemma 7. L1 ⇒ Ascoli.
Proof. Let A ⊂ E′ be τc-compact and set W := A◦ ⊂ E. Then W ◦ = A◦◦ = bcch(A) is
τc-precompact by [17, 3, §9, Proposition 7]. By Lemma 6 W is a kσ -neighborhood of zero,
hence by Property L1,W is a t-neighborhood of zero, henceW ◦ = (A◦)◦ is equicontinuous
[17, 3, §4, Proposition 6], and since it contains A, our result follows. ✷
Thus we have:
Theorem 2. If E[t] satisfies L2 and L1, then E[t] ∈D.
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Proof. Follows from Lemma 7 and Theorem 1. ✷
We have the following partial converse of Theorem 2:
Theorem 3. If E[t] ∈D and E′[τc] is quasi-complete, then E[t] satisfies L2 and L1.
Proof. By Theorem 1 E[t] satisfies L2. Let us prove that E[t] satisfies L1: Assume
that W ⊂ E is both a barrel and a kσ -neighborhood of zero. By Lemma 6 W ◦ ⊂ E′
is τc-precompact. Since E′ is τc-quasi-complete, W ◦ is τc-compact. Therefore, since
E[t] ∈D, W = (W ◦)◦ is a t-neighborhood of zero. ✷
Question 1. Can the quasi-complete requirement in Theorem 3 be dropped?
5. Classes of LCSs satisfying P–vK duality
The goal of this section is to show that there is a wide range of locally convex spaces
that are reflective. We do this as Theorem 4. As an application we obtain results due to
Smith and Waterhouse to the effect that reflexive and real Fréchet spaces are reflective. We
start with an important result.
Proposition 2.
(1) If E[t] is bornological, then E′ is τc-complete.
(2) If E[t] is barrelled, then E′ is weakly quasi-complete.
Proof. (1) follows from [6, IV, Remark 2, p. 5] and [22, p. 385];
(2) is [loc. cit. §23.1(3)]. ✷
Lemma 8. If E[t] is a barrelled space and satisfies Property L2, then E′[τc] is quasi-
complete.
Proof. Clearly σ ⊂ τc; now apply Proposition 2(2) to conclude that E′[τc] is quasi-
complete [6, IV, Remark 2, p. 5]. ✷
When dealing with the real case, Theorem 3 of [30] is generalized by the following
result.
Theorem 4. If E[t] is barrelled or bornological, and satisfies Property L2, then E[t] ∈D.
Proof. By Theorem 2 we are only left to prove that E[t] satisfies L1. Let W ⊂ E be both
a barrel and a kσ -neighborhood of zero. By Lemma 6 W ◦ ⊂ E′ is τc-precompact. Since
E′[τc] is quasi-complete by Lemma 8, W ◦ is τc-compact, therefore also weakly compact.
Hence W = (W ◦)◦ is a t-neighborhood of zero (cf. [22, §21.4(4) and §28.6(3)]); that is,
E[t] satisfies L1. ✷
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That the converse of the preceding theorem does not hold, is witnessed by Examples 8
and 9 infra. To see that the Property L2 requirement above cannot be dismissed either, see
Example 10 below.
Remark 4. A barrel B is a k-barrel if it is completely bounded (Raı˘kov [26]), i.e., if given
any compact set A, for every ε > 0 there is a finite F ⊂ A such that A⊂ F + εB . A TVS
is k-barrelled if each k-barrel is a neighborhood of 0. Theorem 1 of Brudovskiı˘ [8] says
that any k-barrelled space satisfying Property L2 is reflective. In particular quasi-barreled
spaces satisfying Property L2 are reflective [8, 1.4]. Thus Theorem 4 is a special case of
Brudovskiı˘’s Theorem 1.
As we mentioned in Section 1, those parts of [23] that remain correct are enough to
support a proof of the following result. For Fréchet spaces it is also proved in [4, 15.2], and
mentioned in passing in [22, 23.9] (see Remark 6 infra). As noticed already, for Banach
or reflexive spaces this is due to Smith [29]. The exact statement of the result as it stands
below was first proved by Waterhouse [30] (Corollary to Theorem 3).
Corollary 2. Fréchet and reflexive spaces are reflective.
Proof. All of them are barrelled spaces [17, pp. 214 and 229], and satisfy L2 (Lemma 2
and Remark 2). ✷
Two additional important classes of locally convex spaces that are reflective are the class
of vector spaces equipped with their maximal locally convex topology, and the class of the
so-called weakly complete spaces. They are explained in Remark 5 infra.
6. Examples
As mentioned before, [23] has serious flaws, the first of which occurring in proving his
Lemma 2.1. If X is a topological space, let us denote by Xk the k-ification of X, i.e., the
underlying set of X equipped with the largest topology with the same compact subsets of
X [13, §3.3]. Then at some point in the proof of Lemma 2.1 of [23] it is claimed that if
E[t] is an LCS, then E′ is closed in the space of continuous real-valued functionsC(E[t]k)
when equipped with the compact-open topology. The next two examples show that this is
incorrect.
Example 1. Our first example, although not an LCS, illustrates the gravity of the situation:
In [12, 3.12] it is constructed, on the integers Z, a group topology τ strictly weaker than
the Bohr topology + for Z discrete, such that the only compact sets of G := (Z, τ ) are
finite. It follows then (see loc. cit.) that Ĝ is a dense proper subgroup of Ẑ+ = T.
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For our second example, we begin with a lemma:
Lemma 9. If the real LCS E[t] satisfies that E′ is closed in the space of real-valued
continuous functions C(Ek), the latter equipped with the compact-open topology, then
E′[τc] is complete.
Proof. Notice that y ∈ C(Ek)⇔ y|K ∈ C(K) for each compact subspace K of E[t]. If y
is an element in the completion of E′[τc], we claim that y ∈ C(Ek): Let 〈yλ〉 ⊂ E′ with
yλ
τc→ y . The latter is equivalent to yλ|K → y|K uniformly for each compact subspace K
of E[t], which implies in turn that y|K is continuous. This proves the claim. Since E′ is
closed in C(Ek), we must have that y ∈E′, i.e., E′[τc] is complete, as required. ✷
The above lemma also follows from [13, Exercise 8.3.C(b)].
Example 2. Let F be a non-complete Montel space [2,21]. Set E := F ′ and t := [c-o].
Since F is reflective [17, p. 231 and Corollary 2] E′[τc] = F , which was chosen to be
non-complete, hence Lemma 9 implies that the assertion made in the proof of Lemma 2.1
of [23] is inaccurate.
The second serious error in [23] is Lemma 2.1 itself: It claims that if U is an open,
balanced neighborhood of 0 in E[t]k , then U◦ is a τc-compact subset of E′. The following
is a counterexample to this statement.
Example 3. Let E[t] be any of the non-complete Montel spaces described in references
[2,21]. These spaces satisfy that their topological dual E′ is different than the algebraic
dual E∗ of E. Also, as pointed out in Außenhofer [3, 8.14], the fact that any bounded
subset ofE[t] is finite-dimensional implies that the topology ofE[t]k contains the maximal
locally convex topology, denoted by O, that the vector space E accepts (cf. Hofmann and
Morris [16, 7.25(iv)]). Thus (E[t]k)′ = E[O]′ = E∗, and notice that by [18, 8.1.5] E∗[σ ]
is the completion of E′[σ ]. Notice as well that the balanced, convex, σ(E∗,E)-closed,
O-equicontinuous subsets of E∗ are given by the polars in E∗ of the O-open, balanced
neighborhoods of 0 in E. Obviously, any linear subspace of E is σ(E,E∗)-closed, hence
E∗[σ(E∗,E)] is B-complete and therefore Br -complete [18, p. 183]. Assume that all the
polars in E′ of the O-open, balanced neighborhoods of 0 in E are τc-compact in E′.
Then they would also be σ(E′,E)-compact, hence σ(E∗,E)-closed. If H is any balanced,
convex, σ(E∗,E)-closed, O-equicontinuous subset of E∗, then H ∩ E′ is the polar in
E′ of some O-open, balanced neighborhood of 0 in E, and by our assumption it would
be σ(E∗,E)-closed. By [18, pp. 151, 157, Lemma 9.3.1 and p. 183] we would have that
E′ =E∗, which is a contradiction.
This example is re-considered in Example 4 infra.
Unaware of its flaws, Kye uses Lemma 2.1 to prove one direction of Lemma 2.2: The
claim is: If U is a neighborhood in E[t]k which is also a barrel, then U = K◦ for some
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τc-compact subset K of E′ (Kye’s proof of the converse is correct). This would imply that
the topology tkσ (cf. Section 4) is smaller than τc. We do not know if this is correct.
Kye’s main attempt is to prove his Theorem 3.2 which states that an LCS space is
reflective if and only if it satisfies conditions L2 and L1. We have seen (Theorem 2) that ⇐
certainly holds, and under an additional requirement (Theorem 3), ⇒ is true as well. We
do not know however if Kye’s Theorem 3.2 holds in full generality.
Example 4. If E[t] is an LCS, one can consider the maximal locally convex topology tck
on E such that E[t] and E[tck] have the same compact sets. Then t ⊆ tkσ ⊆ tck and the
containments can be proper. For example, to see that tkσ ⊂ tck , let E[t] be any of the non-
complete Montel spaces described in references [2,21]. As mentioned in Example 3, these
spaces satisfy that their topological dual is different than the algebraic dual E∗ of E, and
the fact that any bounded subset ofE[t] is finite-dimensional implies that tck is the maximal
locally convex topology O that the vector space E accepts. If B denotes any Hamel basis
of E, then E[O] is topologically isomorphic to the locally convex direct sum R(B) [18,
p. 111], and the latter is complete [loc. cit., 6.6.6]. A direct proof of this is achieved in [3,
8.12]. Notice that, in particular, (E[tck])′ = (E[O])′ =E∗. See also Remark 5 infra.
On the other hand, by [17, p. 235] E′[τc] is the strong dual if E[t] is Montel,
hence E′[τc] is itself Montel [18, 11.5.4(f)], and thus quasi-complete [loc. cit., 11.5.2].
Therefore E[t] has Property L1 by Theorem 3, hence tkσ = t is non-complete. In
particular, (E[tkσ ])′ = E′ = E∗. Thus E[t] satisfies Kye’s condition L1, hence it is
not a counterexample to his statement. In particular the assertion made in [3, 8.14] is
wrong.
Thus we state:
Question 2. Does D imply Kye’s condition L1? Is Kye’s assertion correct?
Notice that this is just another way to state Question 1.
Remark 5. Real vector spaces E equipped with their maximal locally convex topologyO
(cf. Examples 3 and 4) are reflective. [Notice that (E[O])′ = E∗. Since E[O] is
topologically isomorphic to the locally convex direct sum R(B) with a suitable B (loc.
cit.), [18, 11.4.5(d)] implies that E[O] is reflexive, hence reflective. Since the bounded
subsets of E[O] are finite-dimensional, it follows that E[O] is Montel, hence E′[β] =
E′[τc] = E∗[σ ] is reflexive and complete [loc. cit., p. 230, 11.4.5(f) and 8.1.5], hence
reflective as well.] Hofmann and Morris [16] prove this directly and they show in addition
that the weakly complete spaces, i.e., spaces of the form E∗[σ ], are also reflective with
Ê∗[σ ][c-o] =E[O]. Thus the character group of a space equipped with its maximal locally
convex topology is a weakly complete space and vice versa.
Example 5. L2 ⇒ Ascoli. Example 4.2 of [23] (which shows that L2 ⇒ L1) is a
complete LCS (hence satisfying L2 by Lemma 2) which is not reflective, thus not being
Ascoli by Theorem 1.
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For another such example, see Example 7 infra.
Example 6. Ascoli ⇒ L2. Example 4.1 of [23] shows that L1 ⇒ L2. Now apply Lemma 7.
Example 7. A semi-reflexive space that is not reflective. Consider any infinite-dimensional
complete Montel space M = E[τ ] [28, 3.1]. Set t := weak topology of M . t is strictly
weaker than τ [18, 8.1.5]. By [27, 1.4]M respects compactness, thus by Lemma 1.2 of [loc.
cit.] E[t] and E[τ ] have the same compact sets; hence their dual groups are topologically
isomorphic. Being reflexive [18, 11.5.1] M is also reflective (Corollary 2). Therefore E[t]
is not reflective. That E[t] is semi-reflexive follows from [18, Propositions 2 and 1 in
§11.5]. By Lemma 2, E[t] is another example that L2 does not imply Ascoli.
Example 8. A reflective space that is neither barrelled nor bornological. Denote by
E[t] the space ,∞ = (,1)′ [22, §14.7(8)] equipped with the compact-open topology.
Since Banach spaces are reflective [29] (see also Corollary 2 supra), their duals with the
compact-open topology should be reflective as well. Thus E[t] ∈D. Since ,1 is not semi-
reflexive [22, §14.7(15) infra and §23.5(4)], E[t] is not quasi-barrelled by 11.4.1, the
second paragraph of page 205, 10.5.3 and 11.2.5(a) of [18]. E[t] is not bornological either
by 13.2.3 in loc. cit. Therefore the converse of Theorem 4 does not hold.
Example 9. A reflective space that is not a Mackey space. Denote by E[t] the space (,∞)′
equipped with the compact-open topology. As in the example above E[t] ∈ D. To see
that t = µ(E,,∞) we must show the existence of a weakly compact absolutely convex
subspace of ,∞ that is not compact. The existence of a weakly compact subspace of ,∞
that is not compact follows from [28, 4.1] and [27, 1.2]. Now apply Krein’s Theorem
as given in [18, 9.8.5] and [22, §21.5(3)]. It is worthwhile to notice that E[t] is neither
barrelled nor bornological as shown in [23, Example 4.3].
Example 10. Corollary 2 of Chasco [11] states that a metric group is reflective only if it is
complete. Since metric LCSs are bornological [17, Proposition 3.7.3], any non-complete
metric space is an example of a bornological non-reflective space, hence such a space
cannot satisfy Property L2 by Theorem 1. The simplest such example is the countable weak
sum of real lines equipped with the product topology. Other two examples are relevant:
The countable weak sum of real lines viewed as a subspace of ,2 [17, Exercise 3.9.5]
can be easily viewed directly that it does not satisfy Property L2. The subspace E of ,1
consisting of those sequences whose support has density 0 is known to be ultrabarrelled
[14, Exercise 1.7.5], hence it is barrelled by [17, Exercise 3.15.9a].
Remark 6. Consider an LCS E[t]. Köthe [22, 23.9] calls E[t] polar reflexive if Ω in
Remark 1 is a topological isomorphism when the character groups are equipped with the
topology τpc of precompact convergence. E[t] is called polar semi-reflexive (psr) if every
precompact subset is relatively compact; this condition is equivalent to the requirement
that Ω in Remark 1 be onto [loc. cit., 23.9(1)], hence it is weaker than polar-reflexivity.
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A barrel B is a p-barrel if given any precompact subset A of E[t] containing 0, A∩ B is
a neighborhood of 0 in A. If every p-barrel is a t-neighborhood of 0, then E[t] is called
p-determined. Brauner [7, 0.5(a)] shows:
Theorem 5. If E[t] is an LCS, then E[t] is polar reflexive if and only if E[t] is psr and
p-determined.
On the other hand, call a subset B of E[t] capacious if given any precompact set A of
E[t], there is a finite F ⊂E such thatA⊂ F +B .E[t] is saturated if each capacious barrel
is a t-neighborhood of 0. Notice the similarity with Remark 4. Akbarov [1] has proven:
Theorem 6. If E[t] is an LCS, then Ω is τpc-continuous if and only if E[t] is saturated.
Hence
Theorem 7. If E[t] is an LCS, then E[t] is polar reflexive if and only if E[t] is psr and
saturated.
It is also worthwhile to notice that [22, 21.6(4) and 23.9(5)] yield Corollary 2 for Fréchet
spaces. It can be proved that psr implies L2.
Question 3. Does L2 imply psr?
In the same circle of ideas, let us say that a real LCS E[t] satisfies Property (D3) if t is
given by the polars of the τpc-precompact subsets of E′. Then psr+ (D3) hold if and only
if polar-reflexivity holds [loc. cit.]. It readily follows that (D3) ⇒ Ascoli whenever E[t]
is quasi-complete [17, p. 235] and Ascoli ⇒ (D3) if E′ is τc- or τpc-quasi-complete.
Question 4. Is (D3) equivalent to Ascoli?
Now assume that E[t] is polar reflexive. By [22, 23.9(1)], every t-precompact subset
of E is relatively compact. Hence τc = τpc since (A)◦ = A◦. Thus Ω is at least onto.
Notice however that the topology of compact convergence on E′[τpc] is weaker than
that of precompact convergence, hence Ω is continuous (with the topology of compact
convergence on E′[τpc] =E′[τc]). We conclude that any polar reflexive space is reflective.
This argument is due to the referee. We wonder whether the converse holds:
Question 5. Does group duality imply polar reflexivity?
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